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SYNOPSIS: A lumped-parameter model to represent a disk on the surface of a layer built-in at its base vibrating in 
horizontal, vertical, rocking or torsional motions is presented. Eight frequency-independent real coefficients determine the springs, dampers and the mass of the lumped-parameter model with two internal degrees of freedom. These coefficients are specified for various ratios of the radius of the disk to the depth of the layer and 
for various Poisson's ratios. To derive the mechanical properties of the lumped-parameter a systematic procedure 
of curve-fitting of the dynamic-stiffness coefficient up to at least twice the fundamental frequency of the layer 
is applied, capturing the fact that below the fundamental frequency in the horizontal direction no radiation of 
energy occurs. The lumped-parameter model can be used to represent the soil in a standard finite-element program 
for structural dynamics working in the time domain. 
INTRODUCTION 
To represent the unbounded linear soil in a dynamic 
soil-structure-interaction analysis a lumped-parame-
ter model consisting of one or several springs, dam-
pers and masses with frequency-independent real 
coefficients can be used. In such a discrete appro-
ximate model besides the foundation node additional 
nodes with degrees of freedom can be introduced. When 
the unbounded soil is a homogeneous halfspace, accu-
rate lumped-parameter models exist (see e.g. Wolf and 
Somaini, 1986; de Barros and Luco, 1990; Jean et al., 
1990 and the references cited in these papers). For the 
case of a layer built-in at its base, no such models are 
known. This is due to the fact that below the 
fundamental frequency of the layer in the horizontal 
direction (cutoff frequency) the radiation damping is 
zero, i.e. the imaginary part of the dynamic-stiffness 
coefficient in the frequency domain vanishes, which is 
difficult to model. 
In this paper the systematic procedure of Wolf 1991 
to derive consistent lumped-parameter models to 
represent the unbounded soil is applied to disks on the 
surface of an elastic layer built-in at its base 
(Fig. 1 a). For each degree of freedom (horizontal, 
vertical, rocking, torsional) the coefficients of the 
lumped-parameter model shown in Fig. 1 b are 
determined. Besides the foundation node with the 
(generalized) displacement uo two internal degrees of 
freedom with u,, u2 are used. Of the 8 coefficients of 
the 4 springs (K1 , K2, K3, K4), the 3 dampers (C1 , C2, C3) 
and of the mass M actually only 6 are independent, as 
will be shown in the next section. For different ratios 
of the radius of the disk to the depth of the layer and 
for various Poisson's ratios, the 8 coefficients are 
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a) Nomenclature 
b) Basic Lumped-Parameter Model 
Fig.1 Disk on Layer 
listed in the Table in Section 4. With this information 
the dynamic analyst can directly construct the 
lumped-parameter model of Fig. 1 representing the 
soil. It can be used as input to general purpose 
structural dynamics programs working in the time 
domain, which even permits the nonlinear behavior of 
a structure founded on linear soil to be analysed. For 
the sake of illustration, the partial uplift of a rigid 
block resting on the surface of a layer subjected to an 
earthquake is examined in Section 5. 
The Sections 2 and 3 and the appendix can be skipped 
by the reader interested only in applying the lumped-
parameter model. The theory is summarized in Section 
2. The obtained accuracy is discussed in Section 3. 
SUMMARY OF THEORY 
The reader is referred to Wolf 1991 for the deriva-
tions of all equations and for additional information. 
The dynamic-stiffness coefficient S(a0 ) as a function 
of the dimensionless frequency ao = males (a = radius 
of disk, Cs = shear-wave velocity) is written as (K = 
static value) 
S(ao) = K [k(ao) + iao c(ao)] ( 1 ) 
S(ao) is decomposed into the singular part (which is 
equal to its asymptotic value for a0 ~ oo) and the 
remaining regular part S,(aa). For the horizontal degree 
of freedom the former equals iron;a2pc 5 = iaon;Ga (p = 
mass density, G = shear modulus), for the torsional 
iron;a 4/2pc5 , for the vertical iron;a2pcp (cp = dilatational-
wave velocity) and for the rocking iron;a4 /4pcp. 
S,(ao) is approximated using a curve-fitting technique 
(based on the least-square method, whereby only a 
linear system of equations has to be solved) as a ratio 
of two polynomials in ia0 with real coefficients. The 
degrees of the polynomials in the numerator and in the 
denominator are equal to M-1 and M, respectively. 
Performing a partial-fraction expansion leads to the 
first-order terms 
M 
S,(iao) = L 
(:,1 
(2) 
where the sc's are the roots of the polynomial in the 
denominator, i.e. the poles of S,(ia0 ), and the Ac's are 
the residues at the poles. For a stable system the real 
part of Sc must be negative. By adding two first-order 
terms corresponding to complex conjugate pairs, a 
second-order term with real coefficients results. 
The total dynamic-stiffness coefficient can then be 
formulated as 
S(iao) . J J},tiao + 13oc M·2J ~ 
K '"' Jaac + ~ (ia0)2+a1tiao+noc + J:, iao-sc (3 ) 
where the first term on the right-hand side represents 
the singular part and there are J second-order terms. 
All coefficients a 0 c, a,,, J}oc. j},,, sc, Ac in equation 3 
are real. 
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The singular part and each of the terms of the partial-
fraction expansion of equation 3 are represented 
separately by so-called discrete models, which form 
the building blocks of the lumped-parameter model. 
The discrete model of the singular term is shown in 
Fig. 2a with the coefficient y equal to c in equation 3. 
The discrete model with one internal degree of 
freedom u, for a typical first-order term A/(iao-s) is 
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Fig. 2 Discrete Models 
The discrete model with also one internal degree of 
freedom u1 for a typical second-order term (~, iao + ~o) 
I ((ia0 )2 + a 1 ia0 + a 0 ) is shown in Fig. 2c where the 
dimensionless coefficients follow from 
(Sb) 1-1. Cl 0 - 2K 1 (Sc) 
(Sd) 
For all examples treated in this paper, the ~-~.·s deter-
mined from equation Sa are real. 
To form the lumped-parameter model, the discrete 
models of Fig. 2 are placed in parallel. 
For the ratio of the two polynomials the lumped-
parameter model, i.e. the additional nodes with the 
connecting springs, dampers and masses, follows in a 
systematic way without introducing any additional 
approximation and guaranteeing real (not necessarily 
positive) coefficients. The model is exact for ao = 0 
(static case) and for the asymptotic value ao = oo. 
The lumped-parameter model shown in Fig. 1 b 
corresponds to M=3 with (besides the singular term) 
one first-order and one second-order term, resulting 
in 6 coefficients. For practical use it is easier to 
define the 8 coefficients specified in Fig. 1 b which 
are tabulated in Section 4. 
ACHIEVED ACCURACY 
To determine the accuracy of the lumped-parameter 
model, the radius a of the disk is selected equal to the 
depth d of the layer and Poisson's ratio u equals 1/3 
(Fig. 1 a). The exact values are taken from Kausel 1990. 
First it is demonstrated that by choosing a ratio of 
polynomials of large degree M in iao for the 
approximation of the dynamic-stiffness coefficient 
and by performing the curve fitting from zero to the 
dimensionless frequency aomax. it is possible to reach a 
very good accuracy throughout this region. M=12 and 
a om ax = 12.56 are selected in the following. This will 
of course lead to a very large number of discrete 
models and thus of springs, dampers and masses of the 
lumped-parameter model, which is too large for a 
practical application. For instance for the vertical 
degree of freedom all roots of the polynomial in the 
denominator are complex conjugates, resulting in 6 
discrete models for the second-order terms (Fig. 2c) 
with a total of 6 internal degrees of freedom and 12 
independent coefficients. For the horizontal motion 2 
and 5 discrete models for the first-order terms (Fig. 
2b) and for the second-order terms (Fig. 2c), respec-
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tively, are obtained with 7 internal degrees of 
freedom and again 12 independent coefficients. In 
Fig. 3 the dynamic-stiffness coefficient based on 
equation 3, shown as a continuous line, is compared 
with the exact value for the horizontal, vertical, 
rocking and torsional motions. The spring coefficient 
k(a 0 ) and the damping coefficient c(a0 ) determined 
from equation 1 are plotted. The results corresponding 
to the lumped-parameter model capture well the 
properties of the layer. c(ao) vanishes below the 
horizontal fundamental frequency (cutoff 
frequency) = c 5 /(4d) corresponding to a0 = rt/2 for 
all motions. For the vertical and rocking degrees of 
freedom c(a 0 ) remains small up to the vertical 
fundamental frequency = cp/(4d) (a0 = rt). 
Second the same comparison is performed using the 
lumped-parameter model of Fig. 1 b applicable for 
practical cases. M=3 and aomax varying between 4.08 
and 5.87 lead for all motions to one real and one pair 
of complex conjugate roots of the polynomial in the 
denominator. The agreement shown in Fig. 4 is satis-
factory, thus demonstrating that a good compromise is 
reached between the total number of coefficients and 
the achieved accuracy. 
Next the dynamic-flexibility coefficient in the time 
domain is calculated, i.e. the displacement uo( t) as a 
function of the dimensionless time t = tc5 /a caused by 
a unit-impulse load applied at the foundation node at 
time zero. The lumped-parameter model of Fig. 1 b (M=3) whose dynamic-stiffness coefficients are 
shown in Fig. 4 are used. This stringent test also 
evaluates the behavior in the frequency range above 
aomax· An explicit time integration algorithm with ~ t = 
0.01 is applied. The flexibility coefficients F non-
dimensionalised accordingly using the static values of 
the corresponding halfspace are plotted as solid lines 
for all motions in Fig. 5. As the lumped-parameter 
model represents the asymptotic value for a0 = oo 
exactly, the initial value F ( t = O•) is correct. For 
the horizontal, vertical and rocking motions the 
solution determined by performing an inverse Fourier 
transform (Wolf and Obernhuber 1985) is denoted as 
exact in Fig. 5 (dotted line). For this solution 2% 
material damping is introduced. The agreement is good. 
The table presented in the next Section corresponds to 
the lumped-parameter model of Fig. 1 b, i.e. M=3. 
COEFFICIENTS OF LUMPED-PARAMETER MODEL 
The rigid disk of radius a resting on the surface of a 
homogeneous layer of depth d with shear modulus G, 
Poisson's ratio u and shear-wave velocity c5 (= -.J G/p, p 
= mass density) built-in at its base is shown in 
Fig. 1 a. The lumped-parameter model of Fig. 1 b 
consists of the 4 springs with coefficients K1 , K2 , K3 , 
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Fig. 3 Dynamic-Stiffness Coefficients of Layer 
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Dynamic-Stiffness Coefficients of Layer 
(a/d = 1, u = 1/3), for M = 3 
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Fig. 5 Dynamic-Flexibility Coefficients of Layer in Time Domain (a/d 1 ' \) 1 /3) 
K4, the 3 dampers with coefficients C1, C2, C3 and of 
the mass with the coefficient M. These depend on the 
dimensionless coefficients k; ( i = 1, ... , 4), c; (i = 1, ... , 
3) and m. 
K; k;Ga (6a) 
a2 





For a/d = 1.00, 0.50, 0.25 and 0.00 (halfspace) and for 
u = 0, 1/3 and 0.45 these coefficients are listed in 
Table I for the horizontal, vertical, rocking and 
torsional motions. The latter is independent of u. For 
the rocking and torsional cases equation 6 corresponds 
to a dynamic-stiffness coefficient relating the 
moment divided by a to the rotation multiplied by a. To 
construct a lumped-parameter model representing the 
relationship between the moment and the rotation, the 
right-hand side of equation 6 has to be multiplied by 
a2. 
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RIGID BLOCK ON LAYER AND HALFSPACE WITH 
PARTIAL UPLIFT 
As an example of a soil-structure-interaction analysis 
with abrupt nonlinearities occurring, a rigid block 
with individual footings, which can uplift, resting on 
the surface of an undamped solid layer (Fig. 6) is 
examined. The four disks of radius a = 4 m are placed 
at each corner of the rigid body of height 2h = 18 m, 
width 2b = 12 m, mass m = 12.7 · 1 os kg and mass mo-
ment of inertia I = 6.4 · 109 kgm2. The layer of depth d 
= a = 4 m is characterized by the shear modulus G = 1 .3 
109 N/m2, Poisson's ratio u = 1/3 and shear-wave 
velocity Cs = 750 m/s. The idealized horizontal 
earthquake ground acceleration u9 (t) acting during two 
seconds is selected as g/1 0 [-3 sin(87tt) + 9 sin(247tt)], 
with g = 9.81 m/s2. Only the vertical and rocking 
motions w(t) and <p(t) of the block's bottom center are 
considered in the calculation, with the horizontal 
motion assumed identical to the ground motion . 
HORIZOHTAL VERTICAL ROCKING TORSIONAL 
p 0 I S s 0 N I s R A T I 0 
0 1/3 0.45 0 1/3 0.45 0 1/3 0.45 
-i 
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Rigid Block on Disks with Lumped-Parameter 
Models. 
The lumped-parameter models of the disks without 
any through-soil coupling are shown in Fig. 6. Contact 
is lost when the reaction force would become 
negative, and is re-established when penetration 
would occur (e.g. on the left side u& ~ w- b<p). When 
the footings are both in contact compatibility is 
enforced (u& - w- b<p), and the total dynamic system 
has 6 degrees of freedom. When the left footing loses 
contact, the reaction remains zero and an additional 
degree of freedom u& is introduced. An explicit time-
integration algorithm with 11t = 0.005 d/c5 is selected. 
The natural frequency of the linear system associated 
with rocking is 6.3 Hz, which is below the cutoff 
frequency of the layer = 46.8 Hz. 
The time histories of the gaps between the block and 
the disk [left: w - b<p - u &l are plotted in Fig. 7a. As no 
radiation damping occurs, the periodic motion after 
the earthquake has stopped (t > 2s) does not decay. 
Significant uplift occurs; in certain instances even 
both disks lose contact momentarily. For the sake of 
comparison the gaps for the same block but resting on 
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Fig. 7 Vertical Gaps between Block and Disk 
shown in Fig. ?b. As expected they are much smaller 
and decay rapidly after the earthquake is over. The 
same system is addressed in Darbre and Wolf 1988 
using the so-called hybrid frequency-time domain 
analysis procedure. Complete agreement is achieved. 
The interaction forces are much larger for the system 
with the layer (Fig. Sa) than for that with the 
halfspace (Fig. 8b). When uplift is prevented, i.e. the 
system behaves linearly, the reaction forces are 
smaller (Fig. 9). 
CONCLUSIONS 
A lumped-parameter model to represent a disk on the 
surface of a layer built-in at its base vibrating in 
horizontal, vertical, rocking or torsional motion is 
presented. 8 frequency-independent real coefficients 
determine the springs, dampers and the mass of the 
lumped-parameter model with two internal degrees of 
freedom. These coefficients are specified for various 
ratios of the radius of the disk to the depth of the 
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Interaction Force for Layer with Uplift 
Prevented 
layer and for various Poisson's ratios. The lumped-
parameter model can be used to represent the soil in a 
standard finite-element program for structural 
dynamics working in the time domain 
The mechanical properties of the lumped-parameter 
model are determined in a systematic procedure by 
903 
approximating the exact dynamic-stiffness 
coefficient by a ratio of two polynomials up to a 
frequency which is at least twice the fundamental 
frequency of the layer. In this range which covers 
most seismic applications, accurate results are 
obtained. In particular, the fact that below the 
fundamental frequency in the horizontal direction (cutoff frequency) no radiation of energy takes place 
is well captured. The lumped-parameter model is 
exact for the static case and for the asymptotic value 
of infinite frequency. 
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APPENDIX 
To study further the behavior of the lumped-parameter 
model representing a dynamic-stiffness coefficient 
with a strong dependency on frequency and with a 
cutoff frequency, a reservoir of a dam is addressed 
(Fig. 10). To couple the irregular region of the fluid 
next to the dam (modelled by finite elements with the 
pressures as the nodal unknowns) to the fluid domain 
with a uniform section extending in the upstream 
direction to infinity, a stiffness relationship for the 
latter is determined, relating the normal derivative of 
the pressure to the pressure. To develop the concept, a 
vertical rigid wall located next to a semi-infinite 
reservoir of a linear fluid of depth d is addressed (Fig. 
1 0}. The stiffness relationship is determined 
analytically as (Chopra 1967, Wolf 1988, p.348-353) 
with R denoting the resulting force and with the 
dimensionless frequency a0 = rod/c (c = wave velocity) 
R .x(ao) = S(ao) R(ao) 
dS(ao) = --------------
1 6 L. 
i=1 (2j-1 )2 7t2 ...J (2j-1 )2 7t2 - 4a~ 
(7a) 
(7b) 
Decomposing dS(a0 ) as indicated in equation 1 leads to 
the exact solution for k(a0 ) and c(a0 ) shown as dotted 
lines in Fig. 11a. At the natural frequencies of the 
reservoir both parts vanish. Performing the inverse 
Fourier Transform of 1/dS(a0 ) leads to the dynamic-
flexibility coefficient in the time domain with T = 
tc/d 
F( t)= 8 ~ 1 [(2j -1) 1t t J 
c i = 1 ( 2 j -1 ) 2 7t 2 Jo 2 
(8) 
where J0 is the Bessel function of the first kind of 
order zero. F( t)/c is plotted in Fig. 11 b. 
Turning to the lumped-parameter model, a polynom in 
ia0 of degree 15 is selected in the denominator (M=15) 
and the curve fitting is performed up to aomax 8.95. An 
excellent agreement for the dynamic-stiffness 
coefficient results (Fig. 11 a). Applying a unit-impulse 
load at time zero leads to the dynamic-flexibility 
coefficient in the time domain (Fig. 11 b), which is 
again very accurate. 
For a practical application the lumped-parameter 
model of Fig. 1 b can be used (M=3). R corresponds to 
the displacements and R.x to the force (equation 7a). 
Performing the curve-fitting up to aomax = 4.08 leads 
to the following values K 1 =- 1 . 6 3 1 3 3 I d. 
K2=+ 1 .09729/d, K3=-2.82436/d, K4 =+0. 048011 /d, 
C 1=-0.117289/c, C2=-0.418144/c, C3=+1.41814/c, 
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stiffness coefficient in the frequency domain (Fig. 
12a) is satisfactory. The corresponding dynamic-
flexibility coefficient in the time domain (Fig. 12b) 
decays more strongly than the exact solution. This is 
caused by the fact that the spring coefficient k(a0 ) of 
the lumped-parameter model above aomax diminishes to 
zero very fast, resulting in a large damping ratio 
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